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ON THE COMPLEMENTARITY OF THE QUADRATURE OBSERVABLES
PEKKA LAHTI AND JUHA-PEKKA PELLONPÄÄ
Abstrat. In this paper we investigate the oupling properties of pairs of quadrature observ-
ables, showing that, apart from the Weyl relation, they share the same oupling properties
as the position-momentum pair. In partiular, they are omplementary. We determine the
marginal observables of a ovariant phase spae observable with respet to an arbitrary rotated
referene frame, and observe that these marginal observables are unsharp quadrature observ-
ables. The related distributions onstitute the Radon tranform of a phase spae distribution
of the ovariant phase spae observable. Sine the quadrature distributions are the Radon
transform of the Wigner funtion of a state, we also exhibit the relation between the quadra-
ture observables and the tomography observable, and show how to onstrut the phase spae
observable from the quadrature observables. Finally, we give a method to measure together
with a single measurement sheme any omplementary pair of quadrature observables.
PACS number: 03.65-w,03.65.Ta,0365.Wj
Dediated to Peter Mittelstaedt in honour of his eightieth birthday.
1. Introdution
The notion of omplementarity was introdued to the voabulary of quantum physis by Niels
Bohr in his famous Como leture of 1927 as a key to the understanding of quantum phenomena
in terms of lassial onepts [5℄. One of the most expliit uses of the "tra rules" of Bohr
was in his 1935 paper [6℄, where he argued that position and momentum of a partile are
omplementary quantities in the sense that all the experimental arrangements allowing their
unambiguous operational denitions are mutually exlusive but they both are needed for a full
desription of the situation.
In addition to the position-momentum pair, energy-time, path-interferene, number (ation)-
phase, spin-phase, or spin omponents, are frequently ouring examples of pairs of omplemen-
tary observables. Moreover, omplementary modes of desription, like the use of omplementary
bases, or the past and the future state determinations of the system, are often disussed ases.
For an overview of various aspets of this notion we refer to [10, 8℄.
In this paper we investigate the properties of pairs of quadrature observables in lose analogy
to the position-momentum ase, reviewed in setion 2. We show in setion 3 that  apart
from the Weyl relation  they share all the oupling propeties of position and momentum,
whih reet the strong inompatibility of these observables. In setions 4 and 5 we exhibit
the onnetion of the quadrature observables to the ovariant phase spae observables and
the tomography observable, respetively. In the onluding setion 6 we demonstrate, that
though any pair of quadrature observables is omplementary in the sense that none of their
measurements an be ombined into a joint measurement of theirs, there are single measurement
shemes whih allow one to determine the measurement outome distributions of the given
quadrature pair for a large lass of states of the system.
2. The pair (Q,P )
Let H = L2(R) be the usual L2-funtion spae on R spanned by Hermite funtions hn,
n ∈ N = {0, 1, ...}. Consider the selfadjoint position operator Q on the Hilbert spae H of
a quantum objet in one dimension, and let Q be its spetral measure, so that Q(X) is the
multipliation with the harateristi funtion χX of the (Borel) set X ∈ B(R). Let F be the
unitary Fourier-Planherel operator on L2(R) so that P = F−1QF is the selfadjoint momentum
1
operator −id/dx, with the spetral measure P = F−1QF . For any state ρ (positive trae-1
operator) we let ρQ and ρP denote the densities of the probability measures X 7→ pQρ (X) =
tr [ρQ(X)] and Y 7→ pPρ (X) = tr [ρP(Y )] with respet to the Lebesgue measure.
The unitary groups {e−iqP | q ∈ R} and {eipQ | p ∈ R} of Q and P fulll the Weyl relation
(1) e−iqP eipQ = e−iqpeipQe−iqP ,
and, modulo unitary equivalene, the pair (Q,P ) is uniquely determined by this relation [27℄.
In addition, the pair (Q,P ) has the following well-known oupling properties:
a) QP − PQ = iI (on the (dense) domain of the ommutator);
b) inf{Var(ρQ) · Var(ρP ) | ρ a state } = 1
4
> 0;
) com(Q,P ) = {ψ ∈ L2(R) |Q(X)P(Y )ψ = P(Y )Q(X)ψ for all X, Y ∈ B(R)} = {0};
d) Q(X)∧P(Y ) = Q(X)∧P(R \ Y ) = Q(R \X)∧P(Y ) = 0 for all bounded X, Y ∈ B(R);
e) tr [Q(X)P(Y )] = 1
2pi
λ(X)λ(Y ) for all bounded X, Y ∈ B(R), with λ(X) being the
Lebesgue measure of X .
In addition to the Weyl relation, all the properties a) through e) reet extreme inompatibility
of position and momentum observables. The ommutation relation a) as well as the preparation
unertainty relation b) belong to the basi arsenal of quantum mehanis and need no further
omments here. The property c) expresses the fat that for no state ρ the map (X, Y ) 7→
tr [ρQ(X) ∧ P(Y )] extends to a probability measure on B(R2) [29℄. On the other hand, relations
d) and e) have been taken to desribe the omplementarity of these observables in the sense
of lak of any joint measurements, see, for instane, [11, III.8..2℄, [8, IV.2.3℄, or, as a kind
of generalization of the "omplementary bases" of the nite dimensional ase [1, 20℄. It is,
perhaps, well-known, and will also be shown below that none of these ve properties a)− e) is
suient to determine the pair (Q,P ) to be the Weyl pair, for an expliit proof of the ase e),
see, e.g. [14℄.
It is also well-known that the pair (Q,P ) is informationally inomplete: the measurement
outome statistis ρQ, ρP of these observables do not sue, in general, to determine the state
ρ of the system.1 In the words of C.F. von Weizäker [28℄, this is a reetion of the surplus of
information oded in the quantum notion of state, when ompared with the lassial one.
3. The pair (Q,Qθ)
Position Q and momentum P an be obtained in a smooth way from eah other. Indeed, let
Uθ = e
iθH
, θ ∈ R, be the unitary operator dened by the osillator operator H = 1
2
(Q2 + P 2),
and dene Qθ = UθQU
∗
θ , so that Qθ is the quadrature operator, with the spetral measure
Qθ = UθQU
∗
θ . Clearly Q0 = Q and Qpi/2 = P (sine F = U−pi/2); in fat, Qθ = Q cos θ+P sin θ.
To study the oupling properties of any two quadratures (Qα, Qβ), it is suient to onsider
the pair (Q,Qθ), θ ∈ [0, 2π), sine for any pair (Qα, Qβ) one nds a unitary operator U := Uα
suh that Qα = UQU
∗
and Qβ = UQβ−αU
∗
, that is, the pair (Qα, Qβ) is unitarily equivalent
to the pair (Q,Qθ) where θ = β − α.
Using the operator relation
eiy(Q cos θ+P sin θ) = eiyQ cos θeiyP sin θeiy
2(cos θ sin θ)/2
together with the Weyl relation one heks that the unitary operators eixQ and eiyQθ fulll the
Weyl relation exatly when θ = π/2, that is, Qθ = P .
Clearly, for any pair of quadratures (Q,Qθ),
QQθ −QθQ = i sin θ I
1
One of the rst examples demonstrating this fat is reported in [26℄ and is due to V. Bargmann.
2
on the dense domain of the ommutator. Denote b := sin θ and assume that b 6= 0. Sine
(1
b
Q,Qθ) is a Weyl pair, and the spetral projetions of
1
b
Q are of the form Q(bX), X ∈ B(R),
one notes that all the oupling properties b)−e) hold for the pair (Q,Qθ), as well. In partiular,
for any θ 6∈ {0, π},
(2) inf{Var(ρQ) · Var(ρQθ) | ρ a state } = sin
2 θ
4
> 0,
the quadratures Q and Qθ are totally nonommutative
2
, they do have no joint probability of
the form (X, Y ) 7→ tr [ρQ(X) ∧ Qθ(Y )], they are omplementary in the sense of d) and they
satisfy the trae formula e).
As already pointed out, the pair (Q,P ) is informationally inomplete. Clearly, the same is
true for any pair (Q,Qθ). These pairs an, however, be ompleted adding further quadratures.
Indeed, any set {Qθ | θ ∈ S}, where S ⊂ [0, π) is a dense set, is informationally omplete, and
thus allows state determination on the basis of the statistis ρQθ , θ ∈ S, see, e.g. [13, 18℄. The
other method to omplete the pair (Q,P ) is to replae it by a oexistent pair (µ ∗ Q, ν ∗ P) of
unsharp position and momentum observables suh that their joint observable is informationally
omplete [3, 4℄. We reall that, for instane, µ ∗Q is the normalized positive operator measure
(POM) dened by the onvolution of the probability measures µ and pQρ ,
tr [ρ(µ ∗ Q)(X)] = (µ ∗ pQρ )(X) =
∫
R
µ(X − q) dpQρ (q) =
∫
R
µ(X − q)ρQ(q)dq
where ρ is a state. As will be seen below, these two approahes are losely related with eah
other.
4. The pairs (Q,Qθ) and the phase spae pom GK
Due to the nonommutativity of the pair (Q,Qθ), there is no normalized positive operator
measure (POM) E : B(R2) → L(H) whih would have both Q and Qθ as the marginal observables
[24, Thm IV. 1.3.1.℄. On the other hand, the unsharp pair (µ ∗ Q, ν ∗ P) has joint observable
exatly when the probability measures µ and ν have Fourier related densities, in whih ase
(µ ∗ Q, ν ∗ P) are the (Cartesian) marginal observables of a ovariant phase spae observable
GK generated by a positive trae-1 operator K on H [12℄. We reall that GK is dened by the
operator density (q, p) 7→ W (q, p)KW (q, p)∗, that is,
GK(Z) =
1
2π
∫
Z
W (q, p)KW (q, p)∗dqdp, Z ∈ B(R2),
where W (q, p) = ei qp/2e−iqP eipQ is the Weyl operator. The Cartesian marginal observables
X 7→ GK(X × R) and Y 7→ GK(R × Y ) are, indeed, of the form µK ∗ Q and νK ∗ P, with the
onvolving probability measures µK(X) = pQΠKΠ∗(X) and ν
K(Y ) = pPΠKΠ∗(Y ), where Π = Π
∗ =
U±pi is the parity operator (Πψ)(x) = ψ(−x). For any (bounded) operator A we will use the
following short notation:
Aθ := UθAU
∗
θ .
Espeially, ΠKΠ∗ = Kpi. Consistently with the notation ρ
Q
, the densities of µK and νK may
be written as KQpi = (ΠKΠ
∗)Q = KΠ
∗QΠ = KQpi and KPpi = K
Ppi
.
One may also determine the marginal observables of GK with respet to a rotated orthonormal
frame {e1(θ), e2(θ)} of R2 where
e1(θ) := (cos θ, sin θ), e2(θ) := (− sin θ, cos θ)
so that qθe1(θ) + pθe2(θ) = (q, p) with
qθ = q cos θ + p sin θ, pθ = −q sin θ + p cos θ.
2
We reall from [16℄ that ondition (2) alone implies that com(Q,Qθ) = {0}.
3
Sine U∗θW (q, p)Uθ = W (q cos θ + p sin θ,−q sin θ + p cos θ) = W (qθ, pθ), the relevant marginal
observables are simply
X 7→ 1
2π
∫
X×R
W (q, p)KW (q, p)∗dpθ = (µ
K−θ ∗ Qθ)(X),
Y 7→ 1
2π
∫
R×Y
W (q, p)KW (q, p)∗dqθ = (ν
K−θ ∗ Pθ)(Y ),
that is, they are unsharp quadrature observables, the onvolving measures being determined
by the rotated generating operator K−θ. For any state ρ, the density of µ
K−θ ∗ Qθ, say, is the
onvolution KQpi−θ ∗ ρQθ of the densities KQpi−θ = (ΠK−θΠ∗)Q and ρQθ = ρQ−θ.
The "θ-marginal observables" µKθ ∗ Qθ of GK onstitute the Radon transform GK . Indeed,
for any state ρ, let gρK(q, p) := tr [ρW (q, p)KW (q, p)
∗] denote the density of GK in the state ρ.
The Radon transform of gρK is dened as
(RgρK)(θ, qθ) :=
∫
R
gρK (qθ cos θ − pθ sin θ, qθ sin θ + pθ cos θ)︸ ︷︷ ︸
=(q,p)
dpθ
This shows that for any θ ∈ [0, 2π), the funtion qθ 7→ (RgρK)(θ, qθ) is (2π times) the density
KQpi−θ ∗ ρQθ of the probability measure µK−θ ∗ pQθρ of the unsharp rotated quadrature observable
µK−θ ∗ Qθ in the state ρ.
Reall that, for xed θ and qθ, the image ℓ(θ, qθ) of
R ∋ pθ 7→ (qθ cos θ − pθ sin θ, qθ sin θ + pθ cos θ) ∈ R2
is a line on the plane R
2
. It goes through a point (qθ cos θ, qθ sin θ) = qθe1(θ) and its diretion
unit vetor is e2(θ). Hene, in the above denition of R, the integral is a line integral over
ℓ(θ, qθ) = qθe1(θ) + Re2(θ) whih is perpendiular to the vetor qθe1(θ).
Fixing θ, let X ∈ B(R), and dene
Z(θ,X) := {qθe1(θ) + pθe2(θ) ∈ R2 | qθ ∈ X, pθ ∈ R} =
⋃
qθ∈X
ℓ(θ, qθ) ∈ B(R2).
Then
tr [ρGK(Z(θ,X))] =
1
2π
∫
Z(θ,X)
gρK(q, p)dqdp =
1
2π
∫
X
(RgρK)(θ, qθ)dqθ
=
∫
X
(KQpi−θ ∗ ρQθ)(qθ)dqθ.
For example, in the ase of the number state K = |hn〉〈hn|, one gets
G|hn〉〈hn|(Z(θ,X)) =
1
2nn!
√
π
∫
X
∫
R
[Hn(x− qθ)]2e−(x−qθ)2Qθ(dx)dqθ
(where Hn is the nth Hermite polynomial) and espeially
G|h0〉〈h0|(Z(θ,X)) =
1√
π
∫
X
∫
R
e−(x−qθ)
2
Qθ(dx)dqθ.
LetWρ be the Wigner funtion of the state ρ, that is, Wρ(q, p) =
1
pi
tr [ρW (q, p)ΠW (q, p)∗]. As
well-known, the Radon transform of the (integrable) Wigner funtion of a state is the rotated
quadrature distribution of this state, that is, (RWρ)(θ, x) = ρ
Qθ(x), see, for instane, [23℄.
Therefore, the density x 7→ (RgρK)(θ, x) is a smearing of the density x 7→ (RWρ)(θ, x) with the
density KQpi−θ. This observation bring us to the tomography POM Eht.
4
5. The pairs (Q,Qθ) and the tomography pom Eht
For any state ρ, the random sampling of the distributions ρQθ , θ ∈ [0, 2π), determines a
probability bimeasure (Θ, X) 7→ ∫
Θ
∫
X
ρQθ(x)dxdθ
2pi
, whih, when taken all together, determine
the tomography observable,
Eht(Θ×X) := 1
2π
∫
Θ
Qθ(X)dθ,
studied extensively, for instane, in [2℄. In partiular, Eht is informationally omplete. Its
marginal observables are Θ 7→ 1
2pi
∫
Θ
dθ I and
X 7→ 1
2π
∫ 2pi
0
Qθ(X)dθ =
∞∑
n=0
∫
X
[hn(x)]
2dx |hn〉〈hn|
sine Qθ(X) =
∑∞
n,m=0 e
i(n−m)θ
∫
X
hn(x)hm(x)dx |hn〉〈hm|.
The statistis of a phase spae observable GK an be obtained from the statistis of the
tomography observable Eht in terms of a generalized Markov kernel, at least whenever the
generating operator K is smooth, that is, the integral kernel of K belongs to the Shwartz
spae of R
2
. Indeed, in that ase one may write for any ompat Z ⊂ R2
GK(Z) =
∫ 2pi
0
∫
R
[
1
2π
∫
Z
MKq,p(θ, x)dqdp
]
dEht(θ, x)
where MKq,p(θ, x) is a smooth funtion with respet to all variables [25, set. 3.2℄. (We all
this funtion a generalized Markov kernel sine it is not neessarily positive.) For instane, if
K = |hn〉〈hn|, the funtion MKq,p(θ, x) takes the form [25, eq. (3.7), Thm 1℄
M |hn〉〈hn|q,p (θ, x) = M
|hn〉〈hn|
0,0 (0, x− qθ)
=
n∑
u=0
(
n
u
)
21−u
u!
∂2u+1
∂x2u+1
[
e−(x−qθ)
2
∫ x−qθ
0
ey
2
dy
]
=
∞∑
k=n
(
k
n
)
(−1)k−nk!
2k(2k)!
H2k(x− qθ).
For any smooth trae-lass operators K and ρ we have [25, eq. (3.3)℄
gρK(q, p) =
∫
R
∫ 2pi
0
MKq,p(θ
′, x)ρQθ′ (x)
dθ′
2π
dx
so that
(KQpi−θ ∗ ρQθ)(qθ) =
∫
R
KQθ(x− qθ)ρQθ(x)dx = 1
(2π)2
∫
R
∫
R
∫ 2pi
0
MKq,p(θ
′, x)ρQθ′ (x)dθ′dxdpθ.
The phase spae observable GK , with K ommuting with N , that is, K =
∑∞
n=0wnP [hn],
0 ≤ wn ≤ 1,
∑∞
n=0wn = 1, is of speial interest sine then the angle marginal observable (with
respet to the polar oordinates) of GK is phase shift ovariant, that is, a phase observable [21,
thm 4.1℄. Clearly, in that ase KQθ = K
Q
for all θ ∈ R. If K is smooth and ommutes with N ,
then MK0,0(θ, x) = M
K
0,0(0, x) for all θ, x ∈ R.
6. Measuring the pairs (Q,Qθ)
As already pointed out, there is no POM having Q and Qθ as its marginal observables. These
observables do not have any joint measurements. Apart from that there are single measurement
shemes whih allow one to determine both the Q and the Qθ -distributions ρ
Q
and ρQθ for a
large lass of states ρ.
To illustrate this possibility, onsider a sequential ombination of the standard von Neumann
measurements of rst Q and then Qθ, as desribed, e.g. in [11, III.2.6℄. Suh a sequential
measurement denes a unique phase spae observable G [15, 7℄. Its rst marginal observable
5
is an unsharp position µ ∗ Q dened by the rst measurement, whereas its seond marginal
observable is an unsharp quadrature ν ∗ Qθ dened by the seond measurement under the
inuene of the rst measurement. The struture of the onvolving measures µ and ν depend
on the details of the applied measurement shemes, in partiular, of the initial states of the
probe systems. We do not need these details here.
For any state ρ one may determine the moments of the marginal distributions µ ∗ pQρ and
ν ∗ pQθρ , of the atual measurement statistis pGρ , and they are of the generi form
(µ ∗ pQρ )[k] =
∫
R
xkd(µ ∗ pQρ )(x) =
k∑
n=0
(
k
n
)
µ[k − n]pQρ [n],
where, for instane, µ[k] denotes the kth moment of µ. Choosing the initial states of the two
probe systems suh that all the moments of µ and ν are nite (for instane, hoosing the two
states to be Gaussians) and assuming that ρ = |ψ〉〈ψ|, with ψ in the linear hull of the Hermite
funtions, then the atually measured moment sequenies ((µ ∗ pQρ )[k])k∈N and ((ν ∗ pQθρ )[k])k∈N
an be solved for the sequenies (pQρ [k])k∈N and (p
Qθ
ρ [k])k∈N, whih, due to exponential bound-
edness of the involved probability measures, uniquely determine the distributions pQρ and p
Qθ
ρ ,
respetively; for tehnial details, see [9, 19℄. Note that the distributions ρQ and ρQθ , with the
above hoie of ρ, sue to determine the whole observables Q and Qθ, respetively. Note also
that the phase spae observable G is not of the form GK unless θ =
pi
2
.
To lose this setion, we reall that the eight-port homodyne detetor with a strong loal
osillator is an atual quantum optial implementation of a single measurement sheme whih
allows one to determine the distributions ρQ and ρQθ of any pair of quadratures (Q,Qθ) for a
large lass of states [17℄.
7. Conluding remarks
We have studied the pairs of quadrature observables (Q,Qθ), showing, in partiular, that they
share all the familiar oupling properties of the position-momentum pair (Q,P), exept their
dening property of being a Weyl pair. We have also determined the θ-marginal observables of
a ovariant phase spae observable GK , and they turned out to be unharp quadrature observ-
ables, the onvolving probability measure being determined by the rotated generating operator
K−θ. These marginal observables µ
K−θ ∗Qθ onstitute the Radon transform of the phase spae
observable GK . Sine the Radon transform RWρ of the Wigner funtion Wρ of a state ρ gives
the quadrature distributions ρQθ in that state, we also exhibited the onstrution of the phase
spae observable GK in terms of the tomography observable Eht dened as a random sampling
of the quadrature distributions ρQθ , θ ∈ [0, 2π). We also showed that in spite of the fat that
the quadrature observables Q and Qθ are omplementary observables in the sense that they
have no joint measurements, it is, anyway, possible to measure the two observables together
with a single measurement sheme, using, for instane, the statistial method of moments.
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